We propose and investigate a new type of optical waveguide made by an array of atoms without involving conventional Bragg scattering or total internal reflection. A finite chain of atoms collectively coupled through their intrinsic resonance supports a propagating mode with minimal radiative loss when the array spacing a is around 0.6λ0/2π where λ0 is the wavelength of the nearly resonant optical transition. We find that the transportation is robust with respect to position fluctuation and remains possible when the atoms are placed on a circle. Our result paves the way to implement the subwavelength transportation of light in integrated optical circuits with cold atoms.
There is much recent development of integrated optical circuits localising and interfacing cold atoms in which quantum networks, quantum many-body physics, and quantum optics can be explored [1] [2] [3] [4] . This new interdisciplinary toolbox ranging from atomic physics and quantum optics to nanophotonics opens the new door to investigate a wide range of remarkable phenomena such as the coherent transportation of photons emitted from an atom [5, 6] and atomic mirrors [7] . In this Letter, we examine a waveguide made with an array of atoms along linear and circular geometries. Nanoscale waveguides that confine, guide and manipulate the electromagnetic energy on subwavelength scales have been actively studied as optoelectronic circuits [8] [9] [10] . The plasmonbased waveguides such as those made with nanowires or metallic particles [11] [12] [13] [14] [15] [16] have very excellent lateral confinement but the propagation distance is considerably limited. This originates from the intrinsic loss of the metal which hampers the implementation of nanoscale metal plasmon waveguides. This loss is reduced when dielectric scatterers are used [17] via so-called "geometric resonances". For scatterers with size R, however, the geometric resonance strictly requires the lattice spacing a satisfying 2R < a < λ/2 where λ is the wavelength of the guided light. Thus, the finite size R of the scatterer considerably limits the flexibility of the waveguide made by scatterers. It has not been possible to demonstrate waveguides with arbitrary curvature from rigorous first principles numerical calculations. Nor is the waveguiding properties of simple arrays of scatterers robust under positional fluctuations.
Here, we consider a waveguide made with an array of atoms where there is no size restriction. Instead of the "geometric resonance" with dielectric scatterers, we employ intrinsic "atomic resonance" to support a propagating mode in flexible sub-wavelength geometries in this Letter. With appropriate lattice spacing a ∼ 0.6λ 0 /2π of the atomic chain where λ 0 denotes the wavelength of nearly resonant light, the external electric field exciting the first few atoms can propagate along the finite size of the chain with minimal radiation loss. We find that the transportation is robust with respect to position fluctuation of atoms and is possible when the atoms are placed on a circle. Recent development of plasmonic nanosphere [18] or two-dimensional photonic crystals [19] localising atoms should allow one to prepare an array of atoms with tunable lattice spacing.
Through the excitation in an atom at one end of the chain, energy is transfered to all adjacent atoms in turn through the resonant excitations. For the chain of atoms, resonant excitations in different atoms are coupled by electromagnetic interaction and form collective optical modes. We consider the transportation of this excitation along the atomic chain is through an intrinsic p-wave resonance. Then, we investigate how excitation of the first atom by an external electric field E can travel down the chain.
We expand the field near each atom locally in terms of vector spherical harmonics and examine the scattering phase shift of electric fields from each atom as is described in Ref. [20] . To identify the waveguide mode along the chain of atoms, we employ the multiple scattering theory describing electromagnetic interactions between the different atoms [21] . Here, the scattered electric field from a single atom is related to the sum of the external electric field and the scattered fields from all the other atoms. As we see below, the waveguide mode is indicated by the undiminished propagation of the electromagnetic wave down the chain after the first few atoms are excited.
In the multiple scattering approach [21] , the total incoming electric field driving the i th atom E
(1) i is the sum of the external electric field E ext i and the scattered fields from all the other atoms:
as is illustrated in Fig. 1 . This incoming field is scattered by the atom and produces a scattered field E (3) i that is equal to the t matrix times the incoming field:
ij is equal to the photon propagator G ij times the scattered field from site j:
j . Here, the t matrix is diagonal due to the rotational invariance of the Hamiltonian [20] , and given by t = tan δ/(tan δ + i) where the scattering phase shift satisfies tan δ = 1/(ω − ω 0 + iΓ) for the natural linewidth Γ of the optical transition. To summarise, we get the set of linear equations at the frequency of ω. The i th atom is drived by both external fields and scattered fields E SC j from j th atoms where j = i.
In momentum space, the multiple scattering equation
gives the resonance condition t(k)G(k) = 1. Linear Chain To illustrate the subwavelength transport of photons, we first consider a one-dimensional array of 30-320 atoms with a p-wave resonance at an angular frequency ω 0 and separated by lattice spacings a. The distribution of the electric field as a function of the position of the atoms is numerically calculated when the first few atoms are excited by the external electric field. We find that there can be a large response at the end of the chain but only when the external field is perpendicular to the line of atoms. We attribute this to the nature of p-wave resonance of atoms. In addition, we investigate the dependence on the way the system is excited. The propagated waveguide mode at the end of the chain does not show significant difference for two cases -when the first or the first two atoms are excited. For the rest of the part, we consider the case when the only first atom is externally excited.
Our numerical calculation suggests that the waveguide mode can be achieved for a spacing a ∼ 0.6λ 0 /2π. Since the resonance is intrinsic in the atomic system , the wavelength of resonant light λ 0 is species-specific. In Fig. 2 we show the electric field magnitude, normalized by external electric field amplitude E 0 , as a function of the position in the unit of λ 0 for different lattice spacing a. Only for a around 0.6λ 0 /2π is there a "waveguide" mode. For the other array spacing, the wave is non-propagating down the chain. The real part and the imaginary part of the field as a function of atom position are compared in the inset of Fig. 2 (b) . As expected, they are of comparable magnitude and exhibit the same spatial dependence. This figure illustrates the existence of a "carrier wave" of high periodicity, which is usually modulated for different situations.
Waveguide condition Let k ⊥ be the transverse wave vector normal to the propagation direction. To suppress N=320 atoms (see Fig.2 (d) ). The incoming wave has a wave vector k i = ωN a/(2πc) = 35.9 in the present unit. This is much less than the dominant peak at k = 284 and therefore k y is imaginary. This large periodicity is mainly due to the "carrier wave", which sustains the subwavelength transport. There is another peak in the Fourier transform at k i , which reflects the contribution from atoms at the beginning of the chain.
As k x takes its maximum at the Brillouin zone boundary K B = π/a for a chain of particles, the necessary condition to support the waveguide modes is [22, 23] a < λ/2.
Nanoparticles are required to be packed as closely as possible regardless of waveguides made of metallic or dielectric particles [9, 16, 24] . For atoms, however, the resonance is intrinsic, there is much greater flexibility in the choice of the lattice constant.
The above discussion shows that the one-dimensional lattice spacing cannot be too big. Our numerical result indicates that the lattice spacing cannot be arbitrarily small as well. Physically, as the lattice spacing becomes small, it becomes possible to describe the system with an effective dielectric constant ef f that becomes bigger and bigger as the lattice constant is decreased. Since k
x , it becomes more and more difficult to render k 2 y negative to localize the electromagnetic wave. Mathematically we find that the imaginary part of the resonance frequency increases when the lattice spacing becomes very small. It becomes impossible to reduce the radiative loss. The details of this is described in Ref. [20] .
Frequency and Length Dependence Now we examine the electric field intensity along the chain for different angular frequencies normalized by the resonance angular frequency of the atom as shown in Fig. 2 (c) . The maximum amplitude occurs around ω/ω 0 = 1.175. As the frequency moves away, the mode becomes nonpropagating, as is illustrated. We also investigated the transport through atoms for straight lines of two different lengths but the same lattice spacing. The "carrier wave" periodicity remains the same, but the response is bigger for the longer chain. Generally, the resonance energy levels form a discrete set for a finite chain of atoms. The spacing between the levels becomes smaller as the length is increased. It is easier to find a resonance energy level closer to the driving frequency.
Position fluctuation We next analyze the possibility of transport through atoms with fluctuations in their positions so that the deviation of the atom from its perfect position is equal to ηaξ. Here ξ is a random number between -1 and 1 and thus η measures the amount of the fluctuation. The dependence of the electric field E on distance and its Fourier transform is shown in Fig. 3 for different amount of randomness. The response is quite robust. The waveguide mode persists for all the cases we tested. We think this is made possible because the spacing of the lattice is much less than the wavelength and that the resonance is intrinsic and is not from a Bragg reflection.
To achieve the waveguide mode along the atomic chain, the controlled patterning of trapped atoms is critical. It can be done either by locating nanoparticles lithographically [25] or through the self-assembly mechanism [26] . In both methods, atoms can be confined within the subwavelength trap associated with the near-field confinement. Another promising way is to confine atoms in a hollow-core fiber [1, 27] or in a two-dimensional photonic crystal [3, 19] producing subwavelength lattice potentials.
In our model, we consider an array of atoms retaining a single two-level optical transition for supporting a waveguide mode. Among alkali or alkali-earth-like atoms, for example, ytterbium or strontium isotopes have a single principle optical transition due to the total electron spin of zero [28] . For ytterbium atoms, an ideal separation between atoms found above is 0.6λ Y b /2π ∼40nm (55nm) where the
optical transition has the wavelength λ Y b of 399 nm (556 nm). Our analysis may be extended to the array of atoms with more than one principle resonance such as rubidium, sodium and potassium.
Circular chain Finally we consider "cavities" made from atoms arranged on a circle. For geometric resonances, we have not been able to construct circular cavities with small radiative loss. For intrinsic resonances with smaller lattice spacings, this has now become possible. The distribution of the electric field intensity in real space along the circle is shown in Fig. 4 (c) for different frequencies with the external field along different directions. The resonance frequency for propagation is now shifted from that for the straight line, the dependence on the resonance frequency is quite sharp. The mode is excited no matter what direction the external field is.
In Fig. 4 (b) we show the Fourier transforms of the electric fields in the radial and the tangential directions for N=640 atoms separated by a lattice spacing a = 0.6λ 0 /2π on the circumferences of circle after the atom at the top is excited by an external field at an angular frequency ω = 1.1. As can be seen , the field is mainly along the radial direction. We have also studied the system for various numbers of atoms. We show in Fig. 4 (b) the Fourier transforms of the electric fields in the radial direction for a smaller number of N=320 atoms separated by the same lattice spacing a = 0.6 on the circumferences of circle after the atom at the top is excited by an external field. The magnitude of the field is now less as is expected.
We emphasize that even though this looks similar to the Whispering gallery mode [29] , there is no outside wall to confine the wave in the present case. Indeed, there is a high wave-vector "carrier wave" which makes the cavity possible. In addition, the transport of photons with reduced radiative loss has been investigated also in different systems. For example, a system of two distant atoms connected by a one-dimensional line waveguide [6] or subwavelength-diameter nanofibers [30] reveal interesting transport properties with reduced radiation.
In conclusion, we demonstrate that the electromagnetic energy can be efficiently transported along a chain of atoms through an atomic resonance with a wavelength of λ 0 . We numerically analyze the waveguide mode propagating along a finite chain with appropriate lattice spacing a ∼ 0.6λ 0 /2π. The efficient subwavelength transportation of electromagnetic energy along the one-dimensional waveguide would provide a main element in integrated nanoscale optical circuits. We believe that ultracold atoms can be localised with subwavelength lattice spacing in the plasmonic nanosphere traps or hollow fibers. Our study of 1D array structure represents a basic element of complex geometries such as two-dimensional patterning of atoms. For example, it should be interesting to study how the light propagates in the two-dimensional triangular array from one end to the other [31] .
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Supplementary Information

Coupling to atoms
We have the usual Hamiltonian H = −er · E. The electric field can be expanded in terms of vector spherical harmonics:
The vector spherical harmonics are defined as
The scalar spherical functions are given by
where
with x = kr and n = 0, 1, 2, ..., m = 0, ±1, ..., ±n. The superscripts J=1 and J=3 correspond to incoming and outgoing waves.
The electromagnetic field locally is a linear combination of M ∝ LY lm and N lm ∝ ∇ × M lm These functions all have total (orbital plus spin) angular momentum l.
The Hamiltonian is H = −er·E. We have r·∇Y lm = 0, r · LY lm = 0, r · rY lm = r 2 Y lm . Thus r · N 1m is the only nonzero term in the dipole approximation. M ∝ LY lm contains no radial component, thus this term is not coupled to the atom. To illustrate the physics we consider atoms that exhibit a p wave resonance so that the atom goes from a state with total angular momentum 0, |0 > to a state with angular momentum 1, |1, m > and then reemits a photon. The tangent of the corresponding scattering phase shift exhibit a frequency dependence given by tan δ = 1/(ω − ω 0 + iΓ). The expansion coefficients of the incoming and outgoing fields are related by the t matrix : a (3) = ta (1) . Because the Hamiltonian only involves the electric field and not the magnetic field, there is no coupling involving the coefficients a (JH) . Since we assume a ground state of zero angular momentum and since the Hamiltonian is rotationally invariant, the t matrix is diagonal in l, m. The t matrix is related to the tangent of the scattering phase shift δ by t = tan δ/(tan δ + i). For this resonance the coupling to the electric field is proportional to < 0|E · r|1, m > . Since N lm is of total angular momentum l, by the Wigner Eckert theorem, only the terms with l=1 comes in.
Multiple scattering
The response of the lines of atoms to an external electromagnetic field is treated by multiple scattering theory. The total incoming electric field driving the i th atom E ij . This incoming field is scattered by the atom and produces a scattered field E (3) i that is equal to the t matrix times the incoming field: E (3) i = tE (1) i . The field E (sc) ij is equal to the photon propagator G ij times the scattered field from site j: E (sc) ij = G ij E The photon propagator [32] in terms of the vector potential A µ is D µν = −g µν /(k 2 + i ). Because φ = 0, we need not worry about µ = ν = 0. In classical E&M, we worry about the Green's function G(r) = d 3 r/(k 2 −ω 2 ). This is identical to the Fourier transform of the photon propagator.
Small lattice spacing
In this appendix, we describe the physics when the lattice spacing is small. The multiple scattering equation is:
We consider a line of atoms line up along the z axis. Then the Green's function is particularly simple [33] . G is diagonal in m and is given by for R on both the left and the right. where p = n+ν −2q, C p = n(n + 1) + ν(ν + 1) − p(p + 1), a is the Wigner 3j symbol. For the present approximation, n = ν = 1. We thus get (C 2 = 4 − 6 = −2, C 0 = 4.
, For an infinite chain, E l ∝ exp(ikla). We need
where g n (k) = R =0 exp(ikR)h n (k 0 R) The above equation becomes
